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I. INTRODUCTION

After the idea of “Fuzzy Sets” which was introduced by Zadeh [23] in 1965, Deng [5], Erceg [6], Kaleva and
Seikhala [13], Karamosil and Michalek [14], have introduced the concept of fuzzy metric spaces in different ways.
Many authors [11], [13], [14], [20], [21] have also studied the fixed point theory in the fuzzy metric spaces and
developed analysis in such spaces. Consequently in due course of time some metric fixed point results were
generalized to fuzzy metric spaces by various authors [2], [3], [5-10], [15-16], [19].

Istratescu and Crivat [12] first studied Non-Archimedean probablistic metric spaces and some topological
preliminaries on them. Achari [1] studied the fixed points of quasi-contraction type mappings in non-Archimedean
PM-spaces and generalized the results of Istratescu [11].

Recently Kutukcu et. al. [17] and Som Tammoy [22] produced significant results on Fuzzy Metric Space.
Before discussing our main results we require the following definitions and lemmas as preliminaries:

II. PRELIMINARIES

Definition 2.1 [18]: A binary operation *: [0,1]x[0,1] —[0,1] is called a continuous t-norm if ([0,1],*) is an abelian
Topological monodies with unit 1 such that a * b = ¢ * d whenever a = candb = d foralla,b,c,d, €
[0,1]

Example of t-normarea * b = ab,a * b = min{a,b}anda * b = max {a, b}

Definition 2.2 [14]: The 3-tuple (X, M,*) is called a Non-Archimedean Fuzzy metric space if X is an arbitrary set,*
is a continuous t-norm and M is a fuzzy set in X? X [0, o) satisfying the following conditions for all x,y,z € X
and s,t > 0,

(FM —-1): M(x,y,0) =0

(FM—-2): M(x,y,t)=1,Vt>0,ox=y

(FM —3): M(x,y,t) =M(y,x,t)

(FM — 4): M(x,y,max(t,s)) = M(x,y,t)*M(z,y,s)

(FM —5): M(x,y,a) =[0,1) - [0,1] is left continuous.

(FM —6): if M(x,z;u) =1, M(z,y;v) = 1then M(x,y; max{u,v}) =1

(FM —7):lim;,,, M(x,y,t) =1, Vx,y €X

Note that M (x,y,t) can be thought of as the degree of nearness between x and y with respect to t. We identify
x = ywithM (x,y,t) = 1forallt > 0and M (x,y,t) = 0 with

Lemma (1) [10] for all x,y € X, M(x,y,t) is non -decreasing.

Lemma (2) [5] Let {y, } be a sequence in a fuzzy metric space (X, M,*) with the condition (FM — 7) If there exists
anumber ¢ € (0,1) such that

MVpi2 Ve qt) Z M(Vpit, Vo, £), YVt >0andn = 1,2,3, ... ... ... ,

Then {y,,} is a Cauchy sequence in X.

Lemma (3) [18] If for all x,y € X,t > 0 and for anumber g € (0,1),

M(x,y,t) = M(xc,y,t), then x = y.
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Definition 2.3: In addition of definition 2.1, if t is continuous on [0,1] X [0,1] and t(a,a) < a,a€c [0,1], then ¢t
is called an Archimedean t — norm. A characterization of Archimedean t — norm is due to Ling [16]. He proved that
a t —norm is Archimedean if and only if it admits the representation,
ta,b) = g“V[g(a) + g(b)]

Where g is continuous and decreasing function form [0,1] to [0, 0] with g(1) = 0 and g (0) = o and gV is
the pseudo inverse of g.

(go g©V) (a) = a, for all a in the range of g.
The continuous decreasing function g appearing in this characterization. is called an additive generator of the
Archimedean t-norm.

III. MAIN RESULTS

We are going to establish fixed point theorems for two and triplet of maps on complete non-Archimedean Fuzzy
Metric space.
Theorem 3.1: let (X, M,*) be a complete non Archimedean fuzzy metric space under the Archimedean t-norm ¢,
with the additive generator g. Let S and T be two self mappings of X in to it satisfying;
B.1.1)  g(M(Sx,Ty,w))
< ag{M(x,y,u/a) * M(x, Gx,u/a) « M(y, Ty, u/a) * M(y, Sx,u/a)}
forallx,y€eX,u>0,and 0 < a < 1.
3.1.2) S and T are continuous on X.
Then S and Thave a unique common fixed point in X.
Proof: Let x, € X, {x,,} be a sequence in X such that
Xons1 = SXop, Xone1 = T Xone1,m=0,1,2,3, ... ... ...
Be the sequence of iterates under the pair {S, T} at x,,.
Now from (3.1.1)
g(M(xy,x,,u)) = g(M(Sx, Txy, 1))
< ag{M(x;, x,, u/a)* M(xq, Sxg, u/a)* M(xy, Txq, u/a)*M(xq, Sxo, u/a)}
= ag{M(xo,x;,u/a)” M(xo,x1,u/a) M(xy, x5,/ @) M(xy, %1, u/ @)}
= ag(M(xo, X1, u/a))
g(M(xy,x,,1)) < ag(M(xo,x1,u/a))
Again,
9(M(xy,x5,0)) = g(M(Sx,, Txy, 1))
< ag(M(x;, x5, u/a)) < a?g(M(xq, x1,u/a?))
Therefore,
9(M (x5, x5,0)) < a?g(M(x, x;, u/a?))
Hence it follows by induction that for every positive integer n,
I(M(xy, Xp,w) < @™g(M(xg, x1,u/a™))
Now form >n > 0 and u > 0 we have,
M(xzp41, Xons2m W)
= t{M (X2p41) X2n42, W M (Xoni2) Xonszm U}
Since & < 1 and t is non decreasing and (FM-6).
> {M(x2n11) Xons2 W) Moy Xanes, W)™M (Xoniz, Xont2m @°U)}
= {M(Xzns1 Xans2 WM (X2ns2, Xans3 WM (X2ni3, X2ns2m @*U))}
= 9 HIUM (zns1, Xans2, WM (Xani2, Xanss, @) + gIM (Xpn i3, Xon s 2m @* W]}

= g {glg H{g[M(xzp41, Xon12, W] + GIM (X200 Xonsz, )] + GIM (X3, Xop s 2ms @* U]}
>

gE1{ig[g—1{a2n+1g[M(xo,le,zu/ﬁ_,zml)] + a2"+2g[M(x0,x1,u/a2"+1)] o, +
IIMani2m—1) Xons2m @™ W]}

>

g Hglg H{a®  g[M(xo, x1, u/a®™* D)) + a®™*2 g[M(xg, X1, u/a@®™ )] + - o +

a2n+2m—1g[M(x0’x1’ u/a2n+1)]}
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Hence we conclude {x,,} be a sequence , since g~ and g are continuous,

a™ - 0,asn - oo, FM — 7 and g©?(0) = 1.

(X, M%) is complete there is point z € X such that x,, - z the subsequences {x,,}, {x,,,+1} converges to z ie
Xop = Z, Xyp4eq — Z continuity of S and T implies that

Sxon = Sz, Txypyq = Tz

We shall now show that z is common fixed point of S and T however we have,

M(z,5z,u) = t{M(z, xp, WM (x5, Sz, u)}

= g(_”{g[M(Z, X W] + g[M (xzn, Sz, u)]}
gGIM(Z, x50, W] + g[M (x55-1, Sz, 1)1}
gc 1){59 [M(z, x2n, W] + ag[M(xzn—1,Sz,u/a)]}
11m n g V{gIM(z, x2n,1)] + ag[M(xzp-1, Sz, u/a)]} =
Usmg (3.1.1), (3.1.2) we get Sz = z.
Again,
M(z,Tz,u) = t{M(z, X2n41, WM (X2041, Tz, )}

= g(_l){g[M(z, Xon+1, W]+ gIM(xpn 41, TZ, W]}
— 9"V{GIM(z, %5041, W] + g[M (xzp, Tz, w)]}
g V{GIM (2, x3n41, W] + ag[M (x5, z,u/a)]}
> 11mg( V{gIM(z, x2p41, W] + ag[M(xyy, z, u/ )]} =

Thus z is common fixed point of S and T.
In order to show that z is the only common fixed point of S and T, if possible let w be any other common fixed
pointof S and T
We have from (3.1.1)
M(x,w,u) = M(Sz, Tw,u)
g(M(Sz, Tw, u))
<ag{M(z,w,u/a)*M(z,Sz,u/a)* M(w,Tw,u/a) Mw,Sz,u/a)"}
= ag(M(z, w,u/a))
Therefore,
gM(z,w,u) < agM(z,w,u/a) < g(M(z, w,u/a)), since @ < 1.
= M(z,w,u) = M(z,w,u/a)
Since g is decreasing function, giving a contradiction as u/a > u
As a < 1and M(x,y,u) is non decreasing function.Thus z = w.
Corollary (3.2): Let (X, M,*) be a complete Non-Archimedean Fuzzy Metric Space under the Archimedean t-
norm t, with the additive generator g. Let T be self mapping of X in to itself satisfying;
(3.2.1) g(M(Tx,Ty,u))
< ag Max{M(x,y,u/a), M(x,Tx,u/a), M(y,Ty,u/a), M(x,Tx,u/a)}
Forallx,y€eX,u>0,and 0 < a < 1.
(3.2.2) is continuous on X.
Then T has fixed point in X.
Proof: Put S = T, in the theorem 3.1.1
In the next theorem we further extend the results of theorem 3.1 for three self mappings.
Theorem 3.3: Let (X, M,*) be a complete Non —Archimedean Fuzzy Metric Space under the t —norm and the
additive generator g. Let S, T and Q be three self mappings of X, satisfyinga * b * ¢ *d = max(a,b,c, d);
(3.3.1) gM(SQx,TQx,u) < ag{M(x,y,u/a)*M(x,SQx,u/a)*M(y, TQy,u/a) M(x, SQx,u/a)*
Forallx,y,eXu>0 and 0 <a < 1.
(3.3.2) Q commutes with S and T, thatis, SQ = QS and TQ = QT
(3.3.3) S,Q and T are continuous on X.
Then S, T and Q have a unique common fixed point in X.
Proof: Suppose SQ = U and TQ =V, then U and V satisfy all conditions of theorem 3.1 and therefore U and V
have unique common fixed point say z.
Uz=Vz=2z.ie.SQz = 2, TQz = z.
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Now we shall show z is a common fixed point of S, T and Q.

It will be sufficient to prove Tz = z.

We have,

M(z,Qz,u) = M(5Qz,TQQz,u)

Therefore from (3.3.1)

9(M(SQz,TQQz u))

< ag{M(z,Qz,u/a)*M(z,SQQz,u/a)*M(Qz, TQQz u/a)*M(Qz,SQQz,u/a)}
= ag{M(z,Qz,u/a)"M(z,QSQz,u/a)"M(Qz,QTQz,u/a)*M(Qz, QSQz,u/a)}
ag{M(z,Qz,u/a)"M(z,Qz,u/a)*"M(Qz,Qz u/a)"M(Qz, Qz,u/a)}

ag(M(z, Qz,u/a))

Therefore,

g(M(z, Qz, u)) < ag(M(z, Qz,u/a)) < g(M(z, Qz,u/a))
Since a < 1.
= M(z,Qz,u) = M(z,Qz,u/a) forallu > 0.
Since g is decreasing function we get a contradiction, since u/a > uas a <1 and M(x,y,u) is non decreasing
function. Hence we must have Qz = z.
Now,
z =Uz = SQz = Sz
Andz = Vz = TQz = Tz.Thusz = Sz =Tz = Qz.
The uniqueness of z as a common fixed point of S,Q and T,
Follows from the fact that z is a unique common fixed point of SQ and TQ.
This completes the proof.

REFERENCES

[1]. Achari, J. , (1983). Fixed point theorems for a class of mappings on non Archimedean probabilistic metric spaces.
Mathematica, Tome 25(48) No.1, 5-9.

[2]. Badard, R. (1984). Fixed point theorems for fuzzy numbers, Fuzzy sets and systems, 13, 291-302.

[3]. Change, S.S.: Cho, Y.J., Lee B.S., June, J.S., Kang, S.M. (1997). Coincidence point and minimization theorems in fuzzy
metric spaces, Fuzzy Sets and Systems, 88(1): 119-128.

[4]. Cho, Y. J. (1997). Fixed points and fuzzy metric spaces, J. Fuzzy Math., Vol. 5, No. 4, 949-962 1997).

[5]. Deng, Z (1982). Fuzzy pseudo-metric space, J. Math. Anal. Appl., 86, 74-95.

[6]. Erceg, M.A. (1979). Metric space in fuzzy set theory, J. Math. Anal. Appl., 69, 205-230 (1979).

[7]. Fang, J.X. (1979). On fixed point theorems in fuzzy metric spaces, Fuzzy Sets and Systems, 46, 107-113.

[8]. George, A., Veramani, P. (1994). On some results in fuzzy metric spaces, Fuzzy Sets and Systems, 64, 395-399.

[9]. Grabiec, M. (1988). Fixed points in fuzzy metric space, Fuzzy Sets and Systems, 27, 385-389.

[10]. Hadzic, O. (1989). Fixed point theorems, for multi-valued mappings in some classes of fuzzy metric spaces, Fuzzy Sets
and Systems, 29, 115-125.

[11]. Istratescu V.I. (1978). “Fixed point theorems for some classes of contraction mappings on non Archimedean Probabilistic
metric spaces”, Publ. Math. T. no.1-2: 29-34.

[12]. Istratescu V.I. and Crivat N., (1974). “On some classes of non-Archimedean Probabilistic metric spaces”, Seminar de
spatii metrice probabiliste, Universitatea Timisoara, Nr., 12.

[13]. Jung, J.S., Cho. Y.J., Kim, J.K. (1994). Minimization theorems for fixed point Theorems in fuzzy metric spaces and
applications, Fuzzy Sets and Systems, 61, 199-207.

[14]. Jung. J.S., Cho, Y.J., Chang, S.S., Kang, S.M. (1996). Coincidence theorems for set-valued mappings and Ekland's
variational principle in fuzzy metric spaces, Fuzzy Sets and Systems, 79, 239-250.

[15]. Kaleva, O, Seikkala, S. (1984). On Fuzzy metric spaces, Fuzzy Sets and Systems, 12, 215-229.

[16]. Kramosil, 1., Michalek, J. (1975). Fuzzy metric and statistical metric spaces, Kybernetica, 11, 326-334.

[17]. Kutukcu, Servet, Sharma, Sushil and Tokgoz, Hanifi (2007). A Fixed point theorem in fuzzy Metric spaces, Int. Journal
of Math. Analysis, Vol.1, no.18, 861-872.

[18]. Ling, C.H. (1965). Representation of associative functions. Publ. Math. T. 112(1965) 189-212.

[19]. Mishra, S.N., Sharma, N., Singh, S.L. (1966). Common fixed points of maps on fuzzy metric spaces, Internet. J. Math. &
Math Sci., 17, 89-108.

[20]. Schweitzer, B., Sklar, A. (1960). Statistical metric spaces, Pacific Journal Math., 10, 313-334.

[21]. Sharma, Sushil (2002). On fuzzy Metric space, Southeast Asian Bulletin of Mathematics 26: 133-145 (2002).

[22]. Som, Tanmoy (2007). Some results on common fixed point in fuzzy Metric spaces, Soochow Journal of Mathematics, No.
4, 553-561.

[23]. Zadeh, L.A. (1965). Fuzzy Sets, Inform. and control, 8, 338-353.



